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Abstract. The weighted sums approach for linear and convex multiple criteria optimization is
well studied. The weights determine a linear function of the criteria approximating a decision
makers overall utility. Any efficient solution may be found in this way. This is not the case for
multiple criteria integer programming. However, in this case one may apply the more general
e-constraint approach, resulting in particular single-criteria integer programming problems to
generate efficient solutions. We show how this approach implies a more general, composite
utility function of the criteria yielding a unified treatment of multiple criteria optimization
with and without integrality constraints. Moreover, any efficient solution can be found using
appropriate composite functions. The functions may be generated by the classical solution
methods such as cutting plane and branch and bound algorithms.
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1. Introduction

Multiple objective linear- and integer programming problems play a central
role in the field of multicriteria optimization. Besides their relevance for
practical applications, they are theoretically interesting due to their intrin-
sic relationship to the classical theory of (single objective) linear and inte-
ger programming. Integer programming problems with multiple objectives
are particularly challenging since, due to their nonconvexity, weighted sums
scalarizations of the objective functions cannot be used to generate all non-
dominated solutions. Besides supported, there exist nonsupported nondom-
inated solutions that are dominated by fractional convex combinations of
other solutions. Since nonsupported nondominated solutions often make
up the majority of nondominated solutions of discrete problems, they can-
not be ignored in the decision process (See Visée et al., 1998, for example
data on bicriteria knapsack problems).

A multitude of different techniques for the generation of all the nondom-
inated solutions of multiple objective integer programming problems



2 K. KLAMROTH, J. TIND AND S. ZUST

(MOIPs) have been suggested in the recent literature. For an overview we
refer to Clumaco et al. (1997). Particularly relevant in the context of this
paper are the e-constraint method introduced in Haimes et al. (1971) (see
also Cohon, 1978; Chankong and Haimes, 1983 a.,b, for further discus-
sions), duality results for single objective linear and integer programming
problems (see, for example, Schrijver, 1986; Wolsey, 1998) and cutting
plane and branch and bound algorithms (see, for example, Nemhauser and
Wolsey, 1988). An application of the e-constraint method in the context of
(MOIP) was mentioned in Bard, (1986), and cutting plane approaches and
branch and bound algorithms were applied to (MOIP) by Alves and Cli-
maco (1999) and Alves and Climaco (2000). The latter describe the combi-
nation of an interactive method based on a parameterization of the
reference point with the repeated solution of non-weighted Tchebycheff
programs, using a cutting planes approach and a branch and bound meth-
odology, respectively. From the perspective of single objective linear and
integer programming, duality theory has a long tradition and a large vari-
ety of applications. Among others, Wolsey (1981), Llewellyn and Ryan
(1993) and Klabjan (2002) discussed generation methods for optimal dual
functions for single objective integer programming problems. An introduc-
tion to duality theory in the context of convex multiple objective program-
ming is, for example, given in Jahn (1983).

The goal of this paper is to use dual information from single objective
linear and integer programming for the development of an integrated util-
ity theory that applies not only to multiple objective linear programming
(MOLP) but also to multiple objective integer programming (MOIP). A
natural generalization of the weighted sums approach for (MOLP) to a
composite utility function approach for (MOIP) is developed that allows a
unified treatment of multiple objective linear and integer programming
problems. This combination of ideas from integer programming duality
with methods from multicriteria programming and utility theory is new
and it implies, among others, meaningful bounds on the complete efficient
set of (MOIPs) in the objective space.

After a formal introduction of the problem in Section 2, interrelations
between linear programming duality and the weighted sums approach for
(MOLP) are reviewed in Section 3. In Section 4, integer programming
duality is used to derive a multiobjective integer programming analogue to
the weighted sums approach. In particular, we analyze how the weighting
vectors — containing the utility information in the case of (MOLP) — can
be deduced from optimal dual variables of appropriately formulated e-
constraint problems. Similarly, composite functions representing the utility
information in the integer case can be deduced from optimal dual func-
tions of correspondingly defined e-constraint problems for (MOIP).
Besides the fact that utility information becomes explicitly available with
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these composite functions, it is also shown that level sets of composite
functions can be used to obtain global bounds on the efficient set of
(MOIP). The application of cutting plane methods and branch and bound
algorithms for the practical determination of composite functions for
(MOIP) is discussed in Section 5. The paper is concluded in Section 6 with
an outlook on potential incorporations and applications of composite
functions within the framework of interactive decision support algorithms
for (MOIP).

2. Problem formulation

The following notation is used throughout the paper. Let u, w € R be two
vectors. We denote components of vectors by subscripts and enumerate
vectors by superscripts, u# > w denotes u; > w;, for all i=1,... ku=w
denotes u;=w; for all i=1,... k, but u# w. u = w allows equality. The
symbols <, <, < are used accordingly. Let R : = {x € R*:x < 0}. The
set [RR"Z is defined accordingly and the set u+ sz, where u € R, is
referred to as a dominating cone. For an m x n- matrix A, let (a,) = :d’
be the ith row of A, and let (a.;) be the jth column of 4. Moreover, for an
index set J C {l,...,m}, A; denotes the submatrix (af)].e, of A4, i.e., the
submatrix consisting of the rows in J.
We consider the following general multiple objective program (MOP)

max{z; = fi(x)}

: (1)
max{z; = fi(x)}
st. x € S,
where S C R" is the feasible set and fi(x),i =1,...,k, are real-valued func-

tions. Problem (1) is called a multiple objective linear program (MOLP) if

filx)=¢x Vi=1,...,k and
S={xeR":Ax < b,x 20} (2)

where we assume that all components of the k x n - matrix C:= (c'i)le, the

m x n - matrix 4 and the m - vector b are integer. Thus, the MOLP can be
written as
vmax Cx
st. Ax=<bh (3)
x=0
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Similarly, problem (1) is called a multiple objective integer program (MOIP) if
filx)=cx Vi=1,...,k and

S={xeR" Ax < b,x = 0 and integer}. @
Problem (1) then reads
vmax Cx
st. Ax<bh
x =20 and integer. (5)

We define the set of all feasible criterion vectors Z, the set of all (globally)
nondominated criterion vectors N and the set of all efficient points E of (1)
as follows

Z={ze R z=f(x), x€ S} =£(S)

N={z€Z pzeZst 7>z}

E={xeS: f(x) € N},
where f(x) = (fi(x),...,/i(x))". We assume that the set Z is bounded and
[ng - closed, i.e., the set Z + [F\RkS is closed, and that the sets N and E are

nonempty. A point X € S is called weakly efficient if there does not exist
another point x € S such that f{ X) > f(x).

3. Methodology

3.1. SOLUTION APPROACHES FOR MOPS AND MOLPS

The following results can, for example, be found in Steuer (1986).

3.1.1. Weighted-Sums Approach

Let A:={ieRi> O,Zf.‘:lm“i =1} be the set of all strictly positive
weighting vectors. Then for a fixed 4 € A the composite or weighted-sums
program corresponding to (1) is given by
max A7f(x)
(6)
st.xeS.

THEOREM 1. If x* is an optimal solution of (6), then x* is efficient for
(0.

THEOREM 2. If x* is an efficient solution for the MOLP (3), then there
exists A € A such that x* is optimal for (6).

Note that Theorem 2 does not generalize to nonlinear or discrete MOPs.



INTEGER PROGRAMMING DUALITY IN MULTIPLE OBJECTIVE PROGRAMMING 5

COROLLARY 1. If e A:=={l e RF: 1>0,3% | 1, = 1}, then an optimal
solution x* of (6) is weakly efficient for (1).

3.1.2. e-Constraint Approach

Letie{l,...,k} and ¢; € R, j € J;:={1,...,k}\{i}. Then the ith objective
e-constraint program can be formulated as

max  f;(x)
st fi(x)=e VjeJ;
xes. (7)

We will assume in the following that the lower bounds e;,j € J; are always
chosen such that (7) is feasible. This implies the existence of an optimal
solution as Z is assumed to be bounded.

THEOREM 3. Every optimal solution of (7) is a weakly efficient solution of
(1), and the set of all optimal solutions of (7) contains at least one efficient
solution of (1).

THEOREM 4. If x* € S is an efficient solution of (1), then there exists an
index i€ {l,...,k} and lower bounds ¢; € R, j € J; such that x* is an opti-
mal solution of (7).

Observe that Theorem 4 holds for general MOPs. It follows that:

COROLLARY 2. If there exists an index i and lower bounds e; € R,j € J;
such that x* is the unique optimal solution of (7), then x* is efficient for (1).

3.2. LINEAR PROGRAMMING DUALITY AND ITS IMPLICATIONS FOR MOLPS

For MOLPs we can find a close relationship between the weighted sums
approach and the e-constraint approach that is based on linear program-
ming duality.

Consider the e-constraint LP

max c'x

s.t. ch>ej VjeJ; (8)
Ax < b
x=0.

Then we can introduce dual variables u;,j € J; and y € R" to formulate the
dual of (8) as
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- Z eju;+ by

JeJi

s.t. —Zc-’/'uj—i—(ATy),Zcf Vi=1,...,n )

Jjedi
u]>0 Ve J;, y=0.

Using only those optimal dual variables u;,j € J; of (9), that correspond to
the e-constraints of (8), we can define a we1ght1ng vector 1 € RF as

u’-‘, € J;
zz,.;—{ irJ (10)
1, j=i.

After normalization we obtain 1: = ZAf—t with 1 € A. It will be shown below
that an optimal solution of (8) is also optimal for (6) which in the case of
MOLPs is given by

max A’ Cx
st. Ax=<b (11)
x=0
or, equivalently,
max 1! Cx

st. Ax=b (12)

1\

x = 0.

THEOREM 5. Let x* € S be an optimal solution of (8). Then the dual opti-
mal solution can be used to construct a weighting vector A € A such that x*
is also optimal for (11).

Proof. To compare with the later developments we give a complete proof
here even though the result is well known in the context of partial
Lagrangian relaxation.

Let x* and «*, y* be primal and dual optimal for (8) and (9) respectively.
Hence ¢/x*>¢; V; € J; and =3, cui + (A7y"), =} VI = 1 ,n and, by
linear programming duality, we have that — Z]e 7 e]u + b7y = c’x* Define
u according to (10). It follows that

bTy* = E eju; + X < E (¢!x")u; + X" = il Cx*.
jeJ; JEJi

Now consider the dual of (12), i.e.,
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min ATy
st. ATy =C"a
y=0.

Since y* is dual feasible, and using again linear programming duality, we
have
Ty = alCx*.

We can conclude that 47y* = 47 Cx*, hence proving the optimality of x*
for (12). [

Conversely, the following result can be proven:

THEOREM 6. Let x* € S be an optimal solution of (11) for some 7 € A.
Then there exists an index i € {1,...,k} such that x* is also optimal for (8),
where the lower bounds are defined as e;: = ¢/x*,j € Ji.

Proof. Similar to the proof of Theorem 5 the following proof is included
for completeness.
Let x* be optimal for (11). Hence x* is weakly efficient for (3) by Corollary

1. If x* is efficient, an arbitrary objective i € {1,...,k} can be selected for
(8).

Otherwise, we select an index i€ {l,...,k} such that there exists no
x € S with ¢' X > ¢'x* and Cy,, x = C;x*. In both cases it can be shown
that x* is optimal for (8). O

~ We will use later the fact that the maximization of the weighting function
ZTCx in (12) is equivalent to the maximization of the linear utility function

g(x):= cix+Zu*cjx—bTy* =:'x — F*(—Cyx,b), (13)
JeJi

where F*:RF'"” — R is a linear function (and thus nondecreasing and
superadditive, c.f. Section 3.3), and C;, denotes the submatrix of C consist-
ing of the rows in J; i.e., obtained by deleting its ith row. Note that 57" is
a constant that has no impact on the maximization of g.

3.3. INTEGER PROGRAMMING DUALITY

The previous section shows that duality is a powerful tool for the generation
of weighting vectors and hence of utility functions for MOPs. Since our ulti-
mate goal is to develop a similar theory also for MOIPs, we will review some
of the central concepts of integer programming duality in this section. A
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more detailed discussion of the subject, including proofs for the theorems
stated below, can be found in Wolsey (1981) and Tind and Wolsey (1981).
Let F be the set of all nondecreasing functions F : R” — R, i.e.

Fi={(F":R" — R):F(a) <F(b)¥a,b € R",a < b}

and consider the single objective integer programming problem

max ¢ TX

st. Ax =< b (14)
x = 0 and integer

with ¢ € Z". Then it’s dual can be written as

min  F(b)
st. F(Ax)>c'x Vx>0 and integer (15)
FeF.

If the feasible set F is further restricted to the set G of nondecreasing and
superadditive functions, i.e., to the set

G={(F:R" = R): F0): =0,(Fla)<F(b)Va,b € R",a < b)
and (F(a) + F(b) <F(a+b) Ya,b € R™)}

we can reformulate the dual of (14) as

min  F(b)
st. F((ay))=c; Vj=1,...,n (16)
Feg.
where (a.;) denotes the jth column of 4. Note that for a nondecreasing, su-
peradditive function Fe G, the constraint F((a.))>c;Vi=1,...,n is

equivalent to F(Ax)>cTx Vx = 0 and integer.

THEOREM 7. (Weak Duality). ¢c"x<F(b) for all primal feasible solutions
x of (14), and all dual feasible functions F of (15) (or (16), respectively ).

THEOREM 8. (Strong Duality). If either (14) or (15) ((16), respectively)
has a finite optimal solution, then there exists an optimal feasible solution x*
of (14) and a dual optimal function F* of (15) ((16), respectively) such that
cIx* = F*(b).

Moreover, if (14) is infeasible, then (15) ((16), respectively) is either inf-
easible or unbounded, and if (15) ((16), respectively) is infeasible, then (14) is
either infeasible or unbounded.

The dual integer program and, in particular, the dual optimal functions
F*, are, among others, used for sensitivity analysis.
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COROLLARY 3. Let x* and F* be primal and dual optimal for (14) and
(15) /(16), respectively. If the constraint vector b in (14) is changed to b’ # b
(for example, due to changes in the input data of a given problem) the function
F* remains dual feasible also for the modified problem and satisfies z/ < F*(b'),
where z' denotes the optimal objective value of the modified problem.

4. A Composite function approach to multiple objective integer programming

We will in the following mostly refer to the more general formulation (15) of

dual integer programming problems, c.f. Section 3.3. However, the following

results equivalently hold for (16) in the case that we use superadditive functions.
Consider again the MOIP

vmax Cx
st. Ax=<bh (5)
x = 0 and integer.
Applying the e-constraint approach for its solution implies that we have to
repeatedly solve problem (7) for different choices of an individual objective

function f(x) = ¢'x, i€ {1,...,k} and lower bound vectors e: = (¢)),,, €
R*~! bounding the remaining objectives. Problem (7) is thus given by

max c'x

st. Cjpxze
Ax < b (17)
x 2 0 and integer.
and its dual can be written as
min  F(—e,b)
st. F(—Cyx,Ax)>=c'x Vx =0 and integer (18)
FeF,

c.f. (15). Let F* be optimal for (18), that is, F* is a dual optimal function
for (17). Similar to the application of the dual optimal solutions of (9) for
the generation of a weighting vector and hence a linear utility function (13)
for the MOLP (3) in Section 3.2, we will now use the dual optimal func-
tions of (18) to define a utility function for the MOIP (5) as a composite
function given by

G(x):=c'x — F*(—=Cyx,b). (19)

The composite integer programming problem is thus formulated as
max c'x — F*(—Cyx,b)
st. AxZb (20)

x = 0 and integer.
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THEOREM 9. Let x* be optimal for (17) and let F* be optimal for (18).
Then x* is also optimal for (20).

Proof. Let F be feasible for (18). By Theorem 7 we have that ¢'x < F(—e, b)
for all x feasible for (17). Moreover, any x that is feasible for (20) is also
feasible for (17) if e:= Cj,x, implying that ¢'x < F(—C;, x,b) for all x feasible
for (20). Thus the optimal objective value z* of (20) satisfies z* <O0.

Since x* is feasible for (17), it is also feasible for (20), and by Theorem 8§
it satisfies ¢'x* = F*(—Cj,x*,b). This proves the optimality of x* for (20). []

THEOREM 10. x* is an efficient solution of (5) if and only if there exists an
index i€ {l,...,k} and a nondecreasing function F* € F such that x* is
optimal for the composite integer programming problem (20).

Proof. First assume that x* is an efficient solution of (5). By Theorem 4
there exists an index i€ {l,...,k} and lower bounds ¢; € R,j € J; such
that x* is an optimal solution of (17). Let F* be the optimal solution of
the corresponding dual problem (18). Then Theorem 9 implies that x* is
optimal for (20).

Secondly, let x* be optimal for (20), and suppose that x* is not efficient
for (5). Then there exists X € R"” such that Cx>Cx"* . Let i€ {l,... ,k} be
an index for which ¢/ £ > ¢’x* . Then C;, X = C;, x*, and since F* is nonde-
creasing it follows that F*(—C;, X, b) <F*(—Cj, x*,b). Hence

£ — F*(=Cy, %,b) > 'x* — F*(—Cj,,x*, b),
contradicting the optimality of x*. O

Once an efficient solution x* of (5) and a corresponding optimal dual
function F* e F of (18) satisfying c¢'x* = F*(—C; x*,b) have been
determined, Corollary 3 implies that ¢'x < F*(—Cj x,b) for all x € {x €
R":Ax < b,x = 0 and integer}. In the context of the MOIP (5) this implies
that the level curve of the objective function of the corresponding composite
integer programming problem (20) at level zero yields an upper bound on
the set of nondominated solutions of (5) in the objective space.

COROLLARY 4. Let x* and F* be optimal for (17) and (18), respectively.
Then the set Lp-(0): = {z € Rk:z_,- =JdxVj e J;, zi = F*(—Cy x,b), Ax < b,
x = 0} is an upper bound on the set of nondominated solutions N of (5), i.e.,
vxl'e Lp-(0)AzN € N s.t. 2N >2F.

5. Generation of Dual Optimal Functions and Composite Functions

Dual optimal functions for single objective integer programming problems
(14) can be generated by various different methods most of which are
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inspired by a solution method for the primal problem like, for example,
cutting plane methods or branch and bound. In this way, the dual optimal
functions are obtained as a byproduct of a solution of the original integer
program and without additional computational effort.

5.1. GENERATION OF DUAL OPTIMAL FUNCTIONS USING CUTTING PLANES

We will use the Gomory fractional cutting plane algorithm (Gomory,
1963) as a representative example for a cutting plane method for the exact
solution of integer programming problems. The following brief description
is based on Wolsey (1981).

Consider the integer program (14) where we, as before, assume that
the problem is bounded and that all data is integer. Then in iteration r of a
cutting plane algorithm, r>0, a linear programming problem (P,) given by

max c¢!x
n
s.t. Zai/‘xj<bh i=1,....m+r (21)
=1
x = 0.

is solved, where the first m constraints are defined by the original con-
straint matrix 4 and right-hand-side vector o and the remaining r con-
straints have been added during previous iterations. Note that in iteration
0, (Py) is identical to the linear programming relaxation of (14).

If (P,) is infeasible or if the optimal solution is integer the algorithm ter-
minates and the original problem (14) is solved. Otherwise, that is, if the
optimal solution x" of (P,) has fractional components, there exists a con-
straint  vector @™ = (@uiyi10y oy @) €R? and  a  right-
hand side value b, ,.; € R such that """ *!'x =b, ., is a separating
hyperplane between the set of integer feasible solutions of (P,) and the opti-
mal solution x”" of (P,). In particular, a™ttand byir1 can be found as

m r
Amtr+1,j = Gr+l (a'j,-)7 G’drl (d) = Z /Lzrdl + Z ;“1’;1+iGl(d) )
i=1 i=1

where
bm+r+1 = Gr+l(b)a 2= ( liv ) )L:n-&-r) = 0?

see Chvatal (1973). (In this formulation,A” is obtained as the fractional part
of the vector of coefficients of the slack variables of the Gomory cut in its
original form.)

We can conclude that @™ */x<b,, ., for all x € {x € R™ 27:1 a;ix; <b;,
i=1,...,m+r, xinteger}, and " *'x" > b, 1.Hence the constraint
" x <byyy 11 can be added as the (m -+ r+ 1)¥ constraint to (P,), that

is, as a cutting plane that cuts off the fractional solution x" but no feasible
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solution of the original problem. The algorithm proceeds with the next iter-
ation, increasing the iteration counter to r + 1.

Based on this algorithm, dual optimal functions can be constructed as
described in Wolsey (1981), utilizing the dual feasible solutions of the lin-
ear programming problems (P,):

LEMMA 1. Let " € R"™" " =0 be a dual feasible solution of (P,). Then
the functions

Fr(d):="Y ujdi+ Y u,, ,G'(d) (22)
i=1 i=1

are superadditive dual feasible functions for (14). Moreover, if X" is optimal
for (P,) and u" is dual optimal for (P,), then ¢Tx" = F"(b).

Proof. (See Wolsey (1981). The second part of the lemma follows immediate-
ly from linear programming duality, c.f. Section 3.2. For the first part,
observe that F"(a,;)>c; forall j=1,...,n since u" is dual feasible for (P,).
Moreover,F" € G (c.f. Section 3.3) since u” =20, A > 0foralli=1,...,r—1
and Gi(d1> + Gi(dz) <Gi(d1 + dz) for all d\,d, e R",i=1,...,r (as LO(J—i—
|f] <|oa+ ] forall o, f € R). O

Under the assumption that the Gomory cutting plane algorithm termi-
nates after a finite number of iterations r (which is, for example, guaran-
teed if the feasible set of (Py) is bounded), the above lemma implies that a
dual optimal function of (14) can be constructed iteratively using functions
of the form (22).

THEOREM 11. Suppose that for a given problem (14) the Gomory cutting
plane algorithm terminates after a finite number of r iterations. If (14) has a
finite optimal solution, then there exists an optimal feasible solution x" of
(14) and a dual optimal function F" of (16) of the form (22) such that
cIx" = F(b).

Moreover, if (14) is infeasible, then there exists a dual function F" of the
Sorm (22) satisfying F'(a.;) >0j=1,...,n and F'(b) < 0. In this case the
dual (16) of (14) is unbounded.

EXAMPLE 1. Consider the integer programming problem
max X+ X

s.t. —x1<-3
5x1 4+ 2x, <22 (23)
X2 <6

X1,X2=0 and integer.
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The optimal solution of the inital LP relaxtion (Py) is obtained as

x% = (3;3.5)" with objective value zy = 6.5. Since the solution has frac-

tional components the first Gomory cut is determined, defining the addi-

tional constraint 2x; 4+ x, <9. Problem (P;) of iteration 1 is then given by
max Xxj + x»

st. —x<-3
S5x1 4+ 2x, <22
X <6
2x1 +x2<9
X1,x =0

with optimal solution x' = (3;3)” and objective value z; = 6. As this solu-
tion is feasible for (23) the algorithm terminates. The corresponding dual
optimal solution is determined as u' = (1;0;0;1), and with 2' = (1;1;0) we
obtain a dual optimal function according to (22) as

F,(d):=F'(d)=d +G'(d) = d + B (di + dz)J :

5.2. GENERATION OF DUAL OPTIMAL FUNCTIONS USING BRANCH AND
BOUND

While in the previous section superadditive dual optimal functions were
generated,the application of a branch and bound algorithm for the solution
of integer programming problems (14) will in general only yield nonde-
creasing dual optimal functions in the set F,c.f. Section 3.3.
The basic idea of a branch and bound algorithm is to replace the origi-
nal problem (14) by a finite series of subproblems (P,) of the form
T

max c¢'x
st. Ax<b
X € X,

t=1,...,r, such that {x € R":x =0 and integer} C |J,_; X;. We will
assume in the following that the sets X, are given as X, ={x e R":
g_}<x,-<h§,jz l,...,n,x =0} where g;>0 and hl’ are integer lower and
upper bounds on the variables x;,j=1,...,n. This assumption is satisfied
by a majority of branch and bound algorithms, and in particular by linear
programming based approaches that rely on the solution of a series of lin-
ear programming problems (P;).

A branch and bound algorithm terminates if all of the subproblems are
shown to be infeasible, or if an integer solution x” is found that is opti-
mal for some subproblem (P;) and whose objective value z;- = ¢’ x" domi-
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nates all of the remaining subproblems, that is, z, >z, for all ¢ # ¢* where z;
is the optimal objective value of subproblem (P;). Otherwise, one or several
subproblems are further devided to obtain better solutions and or bounds.

LEMMA 2. If F, € F are dual feasible functions for (P,), in the sense that
Fi(Ax)=cTxVx € X,,t=1,...,r, then

,,,,,

is a dual feasible function for (14).

Proof. (See Wolsey, 1981). Let x = 0 and integer. Then x € X,, for some
t € {1,...,r} which implies that F(Ax)>F,(Ax)>c’x.Moreover, F is non-
decreasing since F;, ¢ = 1,...,n, are nondecreasing, and thus F € F. ]

THEOREM 12. Let (14) have a finite optimum solution. If a linear pro-
gramming based branch and bound algorithm terminates with a finite series

of subproblems (P;),t=1,...,r, then there exists a dual optimal function
F € F of the form
F(d):= max (r'd+d'),0' € R,n' € R",n' = 0. (24)
= r

77777

Proof. (See Wolsey, 1981). Let z* be the optimum objective value of (14)
and let r € {1,...,r} be an arbitrary subproblem (P,) at the termination of
the algorithm.

If the linear programming problem (P,) has a finite optimum objective
value z, the corresponding LP dual is feasible. Thus the dual optimal solu-
tion (n’,@", ©T') = 0 satisfies n’a.{' - Z;:1 i+ Zleff>Cj7j': I,...,n and
the function F,(d) =r'd+ o' with o' : = —n'g' + 7'h' satisfies F,(Ax) =
nAx + o' = n'Ax — n'g' + Ah' >n'Ax — n'x + A'x>cTx Vx € X,. Hence F,
is dual feasible for (P,), in the sense of Lemma 2. Moreover, by linear pro-
gramming duality, F,b = n'b — n'g' + 'h' = z, where z, <z* at the termina-
tion of the algorithm.

If, on the other hand, the linear programming problem (P;) is infeasible,
there exists a dual ray (o',0',®')=0 such that w'a., — Z7=1 i+
> @;=0 and w'h — w'g' + @'k < 0. This dual ray can be combined with
any dual feasible solution (7*, 7 7%) =0 of the LP dual of (P,) (which
generally is available from a predecessor node (P;) in the branch and
bound tree) to define a vector (n/,x’, @) := (7*, o, 7*) + A(0', ®', ®') with
a positive scalar 1 € R. A dual feasible function of (P,) in the sense of
Lemma 2 is then obtained as F(d) = n'd + o' with o : = —x'g" + 7'h’. Note
that lim;_, F;(b) = —oo and hence A can always be chosen such that
F,(b) < z*.
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t = (15;0.5;0) ()
2 i/ Nﬁ s
72 =(3.2;3), 22 = 6.2 73 = —oo (infeasible)
(P) | #2 =(0:0.2: 0: 0. w0 = (5;1;0;2), ()
w? = (0;0.2;0;0.6) a3 = (1.5;0.5;0;0) s
1 < 3 Ty > 4
y
' =(3;3), =6 2° =(4;1), % =5
(P | =t = (0,0,0;1;1) x° = (0;0.5;0;0;1.5) | (%)

Figure 1. Branch and bound tree for the example problem (23).

We can conclude that F(d) = max,—, _,F,(d) is a dual feasible function
for(14) according to Lemma 2. Moreover, for an optimal solution x* of
(14) there exists a subproblem (P, ) such that x* is optimal for (P,) and
¥ = cIx* = F,(b). Since Fi(b)<z* for all t=1,...,r it follows that
F(b) = max;—_,F;(b) = Fp(b) = z*. O

ERS)

EXAMPLE 2. Consider again the integer programming problem (23)
introduced in Example 1. The branch and bound tree generated by the
algorithm is shown in Figure 1.

At the termination of the algorithm, the partition consists of the sub-
problems (P3), (Ps) and (Ps), The corresponding dual functions in the
sense of Lemma 2 are given by

F3(d) = [(1.5;0.5;0) + A(5;1;0)]d — [0 + 2-2] - 4
= (6.5;1.5;0)d — 8 = 6.5d; + 1.5, —8 for A =1

Fy(d) = (0;0;0)d + (1;1)(3;3)" = 6

Fs5(d) = (0;0.5;0)d + 0.3 — 1.5 -4 = 0.5d, — 6.

Hence an optimal dual function of (23) is obtained as

fin(d) = max_Fi(d) = max{6.5d + 1.5d; — 8;6;0.55 — 6},
=354,

5.3. COMPOSITE FUNCTIONS BASED ON CUTTING PLANES AND BRANCH
AND BOUND

Both methods discussed in the previous sections can be used to generate
dual optimal functions and hence composite functions for MOIPs as dis-
cussed in Section 4. This approach will be demonstrated on the following
example, building upon Examples 1 and 2.
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22 E2]

;2 Fpp(—e;22;6)
:

h l 1
e =3 e1=3

Figure 2. Dual functions generated based on (a) cutting planes and (b) branch and bound.

EXAMPLE 3. Consider the MOIP

max x| = zj
max x|+ Xy =2
st Sxp+2x,<22 (25)
X, <6
X1,Xx2 20 and integer.

The e-constraint LP obtained by selecting the second objective for individ-
ual maximization (i.e., i = 2) and fixing the lower bound on the first objec-
tive to 3 (i.e., e; = 3) is identical to problem (23) introduced in Example 1.
Figure 2 shows the set of feasible solutions of (25) in the objective space
together with the dual optimal functions of (23) as found in Examples 1
and 2. Here the value of ¢; is considered as a variable which implies that
for values of e; different from e¢; = 3 the dual functions yield upper bounds
on the values of the second objective z,.

Depending on the method used for constructing the optimal dual func-
tions, the following composite integer programming problems are

obtained:
e For the cutting planes method:
max Xxj+ X — FCP(—X1;22;6> =2x; +x2 — [—0.5x; + 11]
s.t. S5x;+2x,
X <6

x1,x =0 and integer.



INTEGER PROGRAMMING DUALITY IN MULTIPLE OBJECTIVE PROGRAMMING 17

e For the branch and bound algorithm:

max xj + xp — Fpp(—x1;22;6) = x1 + x — max{—6.5x; + 25;6;5}
S.t. Sx; +2x, <22
X <6

X1,Xx2 =0 and integer.

Note that the representations of the dual functions shown in Figure 2 cor-
respond to the level curves of the objective functions of the respective com-
posite integer programming problems at level zero. These level curves
constitute two distinct outer approximations of the set of nondominated
solutions of (25), c.f. Corollary 4.

6. Conclusions

Based on dual information obtained from appropriately formulated single
objective linear and integer programming problems, we have developed an
integrated utility theory for multiple objective linear programming (MOLP)
and multiple objective integer programming (MOIP). The suggested com-
posite function approach leads to a unifying theory that highlights the close
relationship of the two models as well as their intrinsic differences.

Composite functions can be used to evaluate and visualize utility infor-
mation yielding a specific nondominated solution. Their determination can
be integrated with applications of classical cutting plane methods or branch
and bound algorithms for the solution of e-constraint versions of (MOIP).
This naturally suggests a combination of composite function determina-
tions within an interactive procedure that repeatedly formulates and solves
e-constraint problems, see Bard (1986). In particular, the upper bounds on
the nondominated set obtained from level curves of composite functions
provide valuable information which can be used to aid the decision
maker with the adaptation of aspiration levels and/or the selection of a
most relevant optimization objective, also in the context of aspiration-
based methods as suggested in Nakayama (1995) and Miettinen and
Mikeld (2000).

In applications where an exact determination of composite functions
using, for example, branch and bound is impractible due to the size of the
branch and bound tree, approximate composite functions (and weaker upper
bounds) can be obtained based on premature termination of a branch and
bound (or cutting plane) algorithm. Already after a few branching steps
the resulting approximate composite functions are likely to yield improved
utility information as compared to simple weighted sums scalarizations
obtained from the LP relaxation of (MOIP).
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